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1. I
The Hermite interpolation is a well-known theoretical tool for approximating func-
tions. Although the theory and practice of Hermite interpolation is well developed
for univariate functions (see, e. g., [1, 4, 6]), fewer results is known for the multivari-
ate case (see, e. g., [3, 5]). We emphasize the importance of the work of Lorentz [3],
which surveys the well-known theory on the multivariate case. Here we describe a
computational method to construct Hermite polynomials fitting on to 2, 4, 8 points of
a 1D, 2D, 3D functions, respectively, up to their rth derivatives.
2. O- 
The aim of this section is to construct a polynomial Hr (x) on to the points x0 and
x1of the function y (x) up to its rth derivatives.
dmHr (xl)
dxm =
dmy (xl)
dxm , l = 0, 1, 0 ≤ m ≤ r.
Let us seek for it in the form
Hr(x) = Ar,1Xr,1(x) + Ar,2Cr(x)Xr,2(x). (1)
The number of the prescribed conditions is 2r + 2. For the sake of a convenient
form of writing the vectors, we define the er, j+1 unit vector (0 ≤ j ≤ r) the ( j + 1)th
entry of which is equal to 1 and the rest are equal zero. Then the vectors in (1) can
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be written in the form
Ar,1 =
r∑
j=0
a j+1er, j+1, Ar,2 =
r∑
j=0
ar+2+ jer, j+1,
Xr,1(x) =
r∑
j=0
(x − x0) j er, j+1, Xr,2(x) =
r∑
j=0
(x − x1) jer, j+1,
where Cr(x) = (x−x0)r+1. To determine the constants a, the derivatives of the function
Hr(x) must be calculated at the values x0 and x1,
Ar,1Xr,1(x) =
r∑
j=0
a j+1(x − x0) j,
Ar,1
dmXr,1(x)
dxm =
r−m∑
j=0
(m + j)!
j! (x − x0)
j am+1+ j,
Let us set x1 − x0 = h. Then
Ar,1
dmXr,1(x0)
dxm = m!am+1,
Ar,1
dmXr,1(x1)
dxm =
r−m∑
j=0
(m + j)!
j! h
jam+1+ j, 0 ≤ m ≤ r.
To compute the derivatives of the second term in Hr(x), the following notation will
be used: fr(x) = (x − x0)r+1, g j (x) = (x − x1) j,
dt fr(x)
dxt = f
(t)
r (x) =
(r + 1)!
(r + 1 − t)! (x − x0)
r+1−t,
f (r+1)r (x) = (r + 1)!, f (t)r (x0) = 0 if t < r + 1. Let t = m − l. Then f (m−l)r (x0) = 0 if
r + 1 > m − l, and
f (m−l)r (x1) = (r + 1)!(r + 1 − m + l)!h
r+1−m+l, m − l ≤ r + 1;
moreover,
g(l)j (x) =
j!
( j − l)! (x − x1)
j−l, l ≤ j, g( j)j (x) = j!,
g(l)j (x1) =
0 if l , j,j! if l = j.
The derivative of their product is
dm
dxm
[
fr(x)g j(x)
]
=
m∑
l=0
(
m
l
)
f (m−l)r (x)g(l)j (x),
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and (dm/dxm)[ fr(x0)g j(x0)] = 0 for 0 ≤ m ≤ r.
One has g(l)j (x1) = 0 if l , j and g( j)j = j!; therefore m − l = m − j, and then
f (m− j)r (x1) = (r + 1)!(r + 1 − m + j)!h
r+1−m+ j, 0 ≤ m ≤ r.
The derivative at the point x1 will be
dm
dxm
[
fr(x1)g j (x1)
]
=
m∑
j=0
m!
(m − j)!
(r + 1)!
(r + 1 − m + j)! h
r+1−m+ j, 0 ≤ m ≤ r,
and at x0
dm
dxm
[
fr(x0)g j (x0)
]
=
lmax∑
l=lmin
(
m
l
)
f (m−l)r (x0)g(l)j (x0).
If m − l , r + 1, then f (m−l)r (x0) = 0 and f (r+1)r (x0) = (r + 1)!, so m − l = r + 1,
l = m − (r + 1), and
g
(m−(r+1))
j (x0) =
j!
(r + 1 − m + j)! (−h)
r+1−m+ j ,
whence
dm
dxm
[
fr(x0)g j (x0)
]
=
=
(
m
m − (r + 1)
)
(r + 1)!
r∑
j=m−(r+1)
j!
(r + 1 − m + j)! (−h)
r+1−m+ j
for r + 1 ≤ m ≤ 2r + 1. The derivatives at the point x1 are g(l)j (x1) = 0 if l , j,
therefore, with m − l = m − j, there should be
f (m− j)r (x1) = (r + 1)!(r + 1 − m + j)! h
r+1−m+ j,
whence
dm
dxm
[
fr(x1)g j (x1)
]
= = m!(r + 1)!
r∑
j=m−(r+1)
hr+1−m+ j
(m − j)!(r + 1 − m + j)!
for r + 1 ≤ m ≤ 2r + 1. Returning to the original notation, we get
Cr(x)Ar,2Xr,2(x) =
r∑
j=0
ar+2+ j fr(x)g j(x).
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Summing up the results above, we get
Ar,1
dmXr,1(x0)
dxm = m!am+1, 0 ≤ m ≤ r,
Ar,1
dmXr,1(x1)
dxm =
r−m∑
j=0
(m + j)!
j! h
j am+1+ j, 0 ≤ m ≤ r,
Ar,1
dmXr,1(x0)
dxm = 0, m > r,
Ar,2
dm
dxm
[
Cr(x0)Xr,2(x0)] = 0, 0 ≤ m ≤ r,
Ar,2
dm
dxm
[
Cr(x1)Xr,2(x1)] = m!(r + 1)! m∑
j=0
hr+1−m+ j
(m − j)!(r + 1 − m + j)! ar+2+ j
for 0 ≤ m ≤ r,
Ar,2
dm
dxm
[
Cr(x0)Xr,2(x0)] = ( m
m − (r + 1)
)
(r + 1)!×
×
r∑
j=m−(r+1)
j! (−h)r+1−m+ j
(r + 1 − m + j)!ar+2+ j
for r + 1 ≤ m ≤ 2r + 1, and
Ar,2
dm
dxm
[
Cr(x1)Xr,2(x1)] = m!(r + 1)! r∑
j=m−(r+1)
hr+1−m+ j
(m − j)!(r + 1 − m + j)!ar+2+ j
for r + 1 ≤ m ≤ 2r + 1. Finally, the derivatives of the Hermite polynomial are
dmHr(x)
dxm = Ar,1
dmXr,1
dxm + Ar,2
dm
dxm
[
Cr(x)Xr,2(x)] .
Example 1. For r = 2,
H2(x0) = a1,
dH2 (x0)
dx = a2,
d2H2(x0)
dx2
= a32,
H2(x1) = a1 + a2h + a3h2 + a4h3,
dH2(x1)
dx = a2 + a32h + a43h
2 + a5h3,
d2H2 (x1)
dx2
= a32 + a46h + a56h2 + a62h3.
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3. T- 
The aim of this section is to construct a polynomial Hr(x, y) on to the points
(x0, y0), (x0, y1), (x1, y0), (x1, y1), which fit the given values up to its rth derivatives.
The conditions can be written as follows:
∂m+nHr(xs, yt)
∂xm∂yn
=
∂m+nu(xs, yt)
∂xm∂yn
for 0 ≤ m, n ≤ r, 0 ≤ m + n ≤ r, s, t = 0, 1. The number of the prescribed conditions
at one point is 12 r(r + 3) + 1, and in the four points is 2r2 + 6r + 4.
Let us seek for it in the form
Hr(x, y) = A(x)Yr,1(y) + B(x)Dr(y)Yr,2(y).
For the sake of a convenient form of writing the vectors, let us define the unit
vector of j + 1 entries, e j,q+1 (0 ≤ q ≤ j), the (q + 1)th entry of which is equal to 1
and the rest are equal to zero. Then the vectors in Hr(x, y) can be written as follows:
A(x) =
r∑
j=0
A j(x)er,r+1− j, B(x) =
r∑
j=0
B j(x)er,r+1− j,
Y j,1(y) =
j∑
i=0
(y − y0)ie j,i+1, Y j,2(y) =
j∑
i=0
(y − y1)ie j,i+1,
where D j(y) = (y − y0) j+1, 0 ≤ j ≤ r. The functions A(x) and B(x) are composed as
A j(x) = A j,1X j,1(x) + A j,2C j(x)X j,2(x),
B j(x) = B j,1X j,1(x) + B j,2C j(x)X j,2(x),
where
X j,1(x) =
j∑
i=0
(x − x0)i e j,i+1, X j,2(x) =
j∑
i=0
(x − x1)ie j,i+1,
and C j(x) = (x − x0) j+1, 0 ≤ j ≤ r. The distances between the coordinates are
x1 − x0 = h, y1 − y0 = g.
For writing the vectors A j,1, A j,2, B j,1, B j,2 conveniently, we introduce the notation
l j = (r − j)r + 3 + j2 , nr = 1/2(r + 1)(r + 2), L j = l j + nr.
With this notation, we get
A j,1 =
j∑
i=0
al j+i+1e j,i+1, A j,2 =
j∑
i=0
aL j+i+1e j,i+1,
B j,1 =
j∑
i=0
bl j+i+1e j,i+1, B j,2 =
j∑
i=0
bL j+i+1e j,i+1.
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The number of the constants a, b in A(x), B(x) is 4nr = 2r2+6r+4,which agrees with
the number of conditions; consequently, Hr(x, y) is the minimal degree polynomial
satisfying the requirements.
The derivatives of the above vectors should be computed,
dmX j,1(x)
dxm =
j−m∑
q=0
(m + q)!
q!
(x − x0)qe j,m+1+q, 0 ≤ m ≤ j,
dt X j,2(x)
dxt =
j−t∑
q=0
(t + q)!
q!
(x − x1)qe j,t+1+q, 0 ≤ t ≤ j,
dlC j(x)
dxl
= C(l)j (x) =
( j + 1)!
( j + 1 − l)! (x − x0)
j+1−l, 0 ≤ l ≤ j + 1,
dm
dxm
[
C j(x)X j,2 (x)
]
=
lmax∑
l=lmin
(
m
l
)
C(l)j (x)X(m−l)j,2 (x).
The limits of the sums are
lmin = 0, lmax = m if 0 ≤ m ≤ j,
lmin = m − j, lmax = j + 1 if j + 1 ≤ m ≤ 2 j + 1.
The derivatives of A j(x) and B j(x) are
dmA j(x)
dxm = A j,1
dmX j,1(x)
dxm + A j,2
dm
dxm
[
C j(x)X j,2(x)
]
,
dmB j(x)
dxm = B j,1
dmX j,1(x)
dxm + B j,2
dm
dxm
[
C j(x)X j,2(x)
]
.
To compute the coefficients a and b at the points x0 and x1, the following formulas
are used:
dmA j(x0)
dxm = m!al j+m+1, 0 ≤ m ≤ j,
dmA j(x1)
dxm =
j−m∑
q=0
(m + q)!
q!
hqal j+m+1+q+
+ m!
m∑
l=0
( j + 1)!
l! ( j + 1 − l)!h
j+1−laL j+m+1−l, 0 ≤ m ≤ j,
dmA j(x0)
dxm =
m![
m − ( j + 1)]!×
×
2 j+1−m∑
q=0
[
m − ( j + 1) + q]!
q!
(−h)q aL j+m− j+q,
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j + 1 ≤ m ≤ 2 j + 1,
dmA j(x1)
dxm = m!
j+1∑
l=m− j
( j + 1)!
( j + 1 − l)!h
j+1−laL j+m+1−l
j + 1 ≤ m ≤ 2 j + 1.
Analogous formulas are valid for B j(x). The derivatives of the Hermite polynomial
are
∂m+nHr(x, y)
∂xm∂yn
=
dm A(x)
dxm
dnYr,1(y)
dyn +
dmB(x)
dxm
dn
dyn
[
Dr(y)Yr,2(y)] .
The following formulas are also needed:
dnY j,1(y)
dyn =
j−n∑
s=0
(n + s)!
s!
(y − y0)se j,n+1+s, 0 ≤ n ≤ j,
dtY j,2(y)
dyt =
j−t∑
s=0
(t + s)!
s!
(y − y1)se j,t+1+s, 0 ≤ t ≤ j,
dlD j(y)
dyl
= D(l)j (y) =
( j + 1)!
( j + 1 − l)! (y − y0)
j+1−l, 0 ≤ l ≤ j + 1.
Thus, we can write
∂m+n
∂xm∂yn
[
A (x) Yr,1(y)] = r−n∑
j=0
A j(x) (r − j)!(r − n − j)! (y − y0)
r−n− j, (2)
and the values of these are
∂m+n
∂xm∂yn
[
A (x0) Yr,1(y0)] = n!dmAr−n(x0)dxm , (3)
∂m+n
∂xm∂yn
[
A (x0) Yr,1(y1)] = r−n∑
j=0
dmA j(x0)
dxm
(r − j)!
(r − n − j)!g
r−n− j, (4)
∂m+n
∂xm∂yn
[
A (x1) Yr,1(y0)] = n!dmAr−n(x1)dxm , (5)
∂m+n
∂xm∂yn
[
A (x1) Yr,1(y1)] = r−n∑
j=0
dmA j(x1)
dxm
(r − j)!
(r − n − j)!g
r−n− j (6)
for 0 ≤ n ≤ r, 0 ≤ m ≤ 2r + 1.
To compute the derivatives of the second term in Hr(x, z), the next interim notation
will be used: fr(y) = Dr(y), g j(y) = (y − y1)r− j. The derivatives of these are
f (l)r (y) = (r + 1)!(r + 1 − l)! (y − y0)
r+1−l, 0 ≤ l ≤ r + 1,
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f (r+1)r (y) = (r + 1)!, f (l)r (y0) = 0 if 0 ≤ l < r + 1, f (l)r (y) = 0 if l > r + 1, g(t)j (y) =
(r − j)!((r − j − t)!)−1(y − y1)r− j−t,
g(t)j (y) =
(r − j)! if t = r − j,0 if t , r − j,
dn fr(y)
dyn =
lmax∑
l=lmin
(
n
l
)
f (l)r (y)g(n−l)j (y),
lmin = max {n − (r − j), 0}, lmax = n if r − n ≤ j ≤ r and 0 ≤ n ≤ r; lmin = n + j − r,
lmax = r + 1 if 0 ≤ j ≤ 2r + 1 − n, r + 1 ≤ n ≤ 2r + 1. It is easy to see that
dn
dyn
[
fr(y0)g j(y0)
]
= 0, 0 ≤ n ≤ r,
dn
dyn
[
fr(y1)g j(y1)
]
=
(
n
n + j − r
) (r + 1)!(r − j)!
(2r + 1 − n − j)!g
2r+1−n− j, 0 ≤ n ≤ r, r − n ≤ j ≤ r,
dn
dyn
[
fr(y0)g j(y0)
]
=
(
n
r + 1
) (r + 1)!(r − j)!
(2r + 1 − n − j)! (−g)
2r+1−n− j
for r + 1 ≤ n ≤ 2r + 1, 0 ≤ j ≤ 2r + 1 − n,
dn
dyn
[
fr(y1)g j (y1)
]
=
(
n
n + j − r
) (r + 1)!(r − j)!
(2r + 1 − n − j)!g
2r+1−n− j
for r + 1 ≤ n ≤ 2r + 1, 0 ≤ j ≤ 2r + 1 − n. The derivatives of the second term in
Hr(x, y) are
∂m+n
∂xm∂yn
[
B (x) Dr(y)Yr,2(y)] = r∑
j=0
dmB j(x)
dxm
dn
dyn
[
fr(y)g j(y)
]
,
and their values of at x, y0 and y1 are
∂m+n
∂xm∂yn
[
B (x) Dr(y0)Yr,2(y0)] = 0 (7)
for 0 ≤ m ≤ 2r + 1, 0 ≤ n ≤ r;
∂m+n
∂xm∂yn
[
B (x) Dr(y1)Yr,2(y1)] = (r + 1)! r∑
j=r−n
dmB j(x)
dxm ×
×
(
n
n + j − r
) (r − j)!
(2r + 1 − n − j)!g
2r+1−n− j (8)
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for 0 ≤ m ≤ 2r + 1, 0 ≤ n ≤ r;
∂m+n
∂xm∂yn
[
B (x) Dr(y0)Yr,2(y0)] = (r + 1)!( n
r + 1
) 2r+1−n∑
j=0
dmB j(x)
dxm ×
× (r − j)!(2r + 1 − n − j)! (−g)
2r+1−n− j (9)
for 0 ≤ m ≤ 2r + 1, r + 1 ≤ n ≤ 2r + 1;
∂m+n
∂xm∂yn
[
B (x) Dr(y1)Yr,2(y1)] = (r + 1)! 2r+1−n∑
j=0
dmB j(x)
dxm
(
n
n + j − r
)
×
× (r + 1)!(2r + 1 − n − j)g
2r+1−n− j (10)
for 0 ≤ m ≤ 2r + 1, r + 1 ≤ n ≤ 2r + 1. Applying the formulas (2), (3), (4), (5), (6)
and (7), (8), (9), (10), the derivatives of Hr(x, y) can be calculated and upon these the
coefficients a, b can be determined.
Example 2 (r = 2).
H2(x0, y0) = a1,
H(x)2 (x0, y0) = a2,
H(x,x)2 (x0, y0) = a32,
H(y)2 (x0, y0) = a4,
H(x,y)2 (x0, y0) = a5,
H(y,y)2 (x0, y0) = a62,
H2(x1, y0) = a1 + a2h + a3h2 + a7h3,
H(x)2 (x1, y0) = a2 + a32h + a73h2 + a8h3,
H(x,x)2 (x1, y0) = a32 + a76h + a86h2 + a92h3,
H(y)2 (x1, y0) = a4 + a5h + a10h2,
H(x,y)2 (x1, y0) = a5 + a102h + a11h2,
H(y,y)2 (x1, y0) = a62 + a122h,
H2(x0, y1) = a1 + a4g + a6g2 + b1g3,
H(x)2 (x0, y1) = a2 + a5g + a12g2 + b2g3,
H(x,x)2 (x0, y1) = a32 + a102g − a112hg + b32g3,
H(y)2 (x0, y1) = a4 + a62g + b13g2 + b4g3,
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H(x,y)2 (x0, y1) = a5 + a122g + b23g2 + b52g3,
H(y,y)2 (x0, y1) = a62 + b16g + b46g2 + b62g3,
H2(x1, y1) = a1 + a2h + a3h2 + a4g + a5hg + a6g2 + a7h3 + a10h2g + a12hg2+,
+ b1g3 + b2hg3 + b3h2g3 + b7h
3g3,
H(x)2 (x1, y1) = a2 + a32h + a5g + a73h2 + a8h3 + a102hg + a11h2g + a12g2+,
+ b2g3 + b32hg3 + b73h2g3 + b8h
3g3,
H(x,x)2 (x1, y1) = a32 + a76h + a86h2 + a92h3 + a102g + a114hg + b32g3 + b76hg3+,
+ b86h2g3 + b92h
3g3,
H(y)2 (x1, y1) = a4 + a5h + a62g + a10h2 + a122hg + b13g2 + b23hg2 + b33h2g2+,
+ b4g3 + b5hg3 + b73h3g2 + b10h
2g3,
H(x,y)2 (x1, y1) = a5 + a102h + a11h2 + a122g + b23g2 + b36hg2 + b5g3 + b79h2g2+,
+ b83h3g2 + b102hg3 + b11h
2g3,
H(y,y)2 (x1, y1) = a62 + a122h + b16g + b26hg + b36h2g + b46g2 + b56hg2 + b62g3+,
+ b76h3g + b106h2g2 + b122hg
3.
4. T- 
The aim of this section is to construct a polynomial Hr(x, y, z) which fits the given
values on to the coordinate points x0, x1, y0, y1, z0, z1 up to its rth derivatives. The
conditions can be written as follows:
∂m+n+pHr (xl, ys, zt)
∂xm∂yn∂zp
=
∂m+n+pu (xl, ys, zt)
∂xm∂yn∂zp
for l, s, t = 0, 1; 0 ≤ m, n, p ≤ r; 0 ≤ m + n + p ≤ r. The number of the jth derivatives
of a function having three independent variables is the number of conditions at one
point, s j = 12 ( j2 + 3 j) + 1; up to its rth derivatives, the number is equal to S r =∑r
j=0s j =
1
6 (r3 + 6r2 + 11r + 6), and for the eight points we have 8S r.
Let us seek for it in the form
Hr(x, y, z) = A(x, z)Yr,1(y) + B(x, z)Dr(y)Yr,2(y).
For the sake of a convenient form of writing the vectors, let us define the unit
vector of j + 1 entries e j,q+1 (0 ≤ q ≤ j) the q + 1-th entry of which is 1, and all the
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rest are zero. Then the vectors in Hr(x, y, z) can be written by using the formulas
Y j,1(y) =
j∑
i=0
(y − y0)i e j,i+1, Y j,2(y) =
j∑
i=0
(y − y1)ie j,i+1,
D j(y) = (y − y0) j+1, 0 ≤ j ≤ r.
A(x, z) =
r∑
j=0
A j(x, z)er,r+1− j, B(x, z) =
r∑
j=0
B j(x, z)er,r+1− j,
A j(x, z) = A j,1(z)X j,1(x) + A j,2(z)C j (x) X j,2(x), 0 ≤ j ≤ r,
B j(x, z) = B j,1(z)X j,1(x) + B j,2(z)C j (x) X j,2(x), 0 ≤ j ≤ r,
X j,1(x) =
j∑
i=0
(x − x0)i e j,i+1, X j,2(x) =
j∑
i=0
(x − x1)ie j,i+1,
C j(x) = (x − x0) j+1, 0 ≤ j ≤ r,
A j,1(z) =
j∑
q=0
A j,1,q(z)e j, j+1−q, A j,2(z) =
j∑
q=0
A j,2,q(z)e j, j+1−q,
B j,1(z) =
j∑
q=0
B j,1,q (z) e j, j+1−q, B j,2(z) =
j∑
q=0
B j,2,q(z)e j, j+1−q,
A j,1,q(z) = α j,1,2kZq,1 (z) + α j,1,2k+1E j(z)Zq,2(z), 0 ≤ q ≤ j,
A j,2,q(z) = α j,2,2kZq,1 (z) + α j,2,2k+1E j(z)Zq,2(z), 0 ≤ q ≤ j,
B j,1,q(z) = β j,1,2k Zq,1 (z) + β j,1,2k+1E j(z)Zq,2(z), 0 ≤ q ≤ j,
B j,2,q(z) = β j,2,2k Zq,1 (z) + β j,2,2k+1E j(z)Zq,2(z), 0 ≤ q ≤ j,
and Zq,1(z) = ∑qi=0 (z − z0)i eq,i+1, Zq,2(z) = ∑qi=0 (z − z1)i eq,i+1, Eq(z) = (z − z0)q+1,
0 ≤ q ≤ j. The vectors α and β are composed by constant components a and b. To
give the connection, the following notation will be applied:
lr,q = (r − q)r + 3 + q2 , l j,q = ( j − q)
r + 3 + q
2
+
r∑
i= j+1
ni,
ni =
1
2
(i + 1) (i + 2) , Nr =
r∑
i=0
ni =
1
6
(
r3 + 6r2 + 11r + 6
)
Lr,q = 2Nr + lr,q, L j,q = 2Nr + l j,q, k = j − q;
α j,1,2k =
q∑
i=0
al j,q+i+1eq,i+1, α j,1,2k+1 =
q∑
i=0
aNr+l j,q+i+1eq,i+1,
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α j,2,2k =
q∑
i=0
aL j,q+i+1eq,i+1, α j,2,2k+1 =
q∑
i=0
aNr+L j,q+i+1eq,i+1.
The relations between β and b are analogous to the previously given formulas where
a is replaced by b.
The number of the constants a, b in A j,1, A j,2, B j,1, B j,2 is 8Nr, which agrees with
the number of conditions 8Nr = 8S r. Consequently, Hr(x, y, z) is the minimal degree
polynomial satisfying the requirements.
The distances between the coordinates arex1 − x0 = h, y1 − y0 = g, z1 − z0 = l.The
derivatives of the Hr(x, y, z) function are needed to compute the coefficients a and b
(rather tedious calculations are omitted here to save space):
dpA j,1,q (z0)
dzp = p!al j,q+p+1, 0 ≤ p ≤ q, (11)
dpA j,1,q (z1)
dzp =
q−p∑
i=0
(p + i)!
i!
lial j,q+p+i+1+
+ p! (q + 1)!
p∑
i=0
lq+1−p+iaNr+l j,q+i+1
(p − i)!(q + 1 − p + i)! , 0 ≤ p ≤ q,
dpA j,1,q(z0)
dzp =
(
p
p−(q+1)
)
(q + 1)!
q∑
i=p−(q+1)
i! (−l)q+1−p+i
(q + 1 − p + i)!aNr+l j,q+i+1, (12)
dpA j,1,q(z1)
dzp = p!(q + 1)!
q∑
i=p−(q+1)
lq+1−p+i
(p − i)!(q + 1 − p + i)!aNr+l j,q+i+1,
q + 1 ≤ p ≤ 2q + 1.
The derivatives of (11) are similar to the previous ones,
dpA j,2,q (z0)
dzp = p!aL j,q+p+1, (13)
dpA j,2,q (z1)
dzp =
q−p∑
i=0
(p + i)!
i!
liaL j,q+p+i+1+
+ p! (q + 1)!
p∑
i=0
lq+1−p+iaNr+L j,q+i+1
(p − i)! (q + 1 − p + i)! , 0 ≤ p ≤ q,
dpA j,2,q (z0)
dzp =
( p
p−(q+1)
)
(q + 1)!
q∑
i=p−(q+1)
i! (−l)q+1−p+i aNr+L j,q+i+1
(q + 1 − p + i)! , (14)
dpA j,2,q (z1)
dzp = p!
(q + 1)!
q∑
i=p−(q+1)
lq+1−p+iaNr+L j,q+i+1
(p − i)! (q + 1 − p + i)! , q + 1 ≤ p ≤ 2q + 1.
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To obtain similar formulas for B j,1,q and B j,2,q, a should be replaced by b.
For the derivatives of A j(x, z), expressions (11), (12), (13), (14) are to be used,
∂m+p
∂xm∂zp
[
A j,1(z)X j,1(x0)
]
= 0 for m , j − q, (15)
∂m+p
∂xm∂zp
[
A j,1(z)X j,1(x0)
]
=
dpA j,1, j−m(z)
dzp m!,
∂m+p
∂xm∂zp
[
A j,1(z)X j,1(x1)
]
=
j−m∑
q=0
dpA j,1,q(z)
dzp
( j − q)! h j−q−m
( j − q − m)! , 0 ≤ m ≤ j;
∂m+p
∂xm∂zp
[
A j,2(z)C j(x0)X j,2(x0)
]
= 0, 0 ≤ m ≤ j, (16)
∂m+p
∂xm∂zp
[
A j,2(z)C j(x1)X j,2(x1)
]
=
j∑
q= j−m
dpA j,2,q(z)
dzp ×
× m! ( j + 1)! h
2 j+1−m−q
(m − ( j − q))!(2 j + 1 − m − q)! , 0 ≤ m ≤ j, j − q < m.
∂m+p
∂xm∂zp
[
A j,2(z)C j(x0)X j,2(x0)
]
=
(m)!
(m − ( j + 1))!× (17)
×
2 j+1−m∑
q=0
dpA j,2,q(z)
dzp
( j − q)! (−h)2 j+1−m−q
(2 j + 1 − m − q)! ,
∂m+p
∂xm∂zp
[
A j,2(z)C j(x1)X j,2(x1)
]
= m!( j + 1)!×
×
2 j+1−m∑
q=0
dpA j,2,q(z)
dzp
h2 j+1−m−q
(m − ( j − q))!(2 j + 1 − m − q) ,
where j + 1 ≤ m ≤ 2 j + 1. The derivatives of B j(x, z) will be obtained by replacing A
by B in formulas (15), (16), and (17).
Finally, the derivatives of the first and second terms in the Hermite polynomials
are to be given, and these are as follows:
∂m+n+p
∂xm∂yn∂zp
[
A(x, z)Yr,1(y0)] = n!∂m+pAr−n(x, z)
∂xm∂zp
,
∂m+n+p
∂xm∂yn∂zp
[
A(x, z)Yr,1(y1)] = r−n∑
j=0
∂m+pA j(x, z)
∂xm∂zp
(r − j)!gr− j−n
(r − j − n)! , 0 ≤ n ≤ r;
∂m+n+p
∂xm∂yn∂zp
[
B(x, z)Dr(y0)Yr,2(y0)] = 0, 0 ≤ n ≤ r,
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∂m+n+p
∂xm∂yn∂zp
[
B(x, z)Dr(y1)Yr,2(y1)] = (r + 1)! r∑
j=r−n
∂m+pB j(x, z)
∂xm∂zp
×
×
(
n
n+ j−r
) (r − j)! g2r+1−n− j
(2r + 1 − n − j)! , 0 ≤ n ≤ r;
∂m+n+p
∂xm∂yn∂zp
[
B(x, z)Dr(y0)Yr,2(y0)] = ( nr+1)(r + 1)!2r+1−n∑
j=0
∂m+pB j(x, z)
∂xm∂zp
×
× (r − j)!(−g)
2r+1−n− j
(2r + 1 − n − j)! ,
∂m+n+p
∂xm∂yn∂zp
[
B(x, z)Dr(y1)Yr,2(y1)] = (r + 1)!2r+1−n∑
j=0
∂m+pB j(x, z)
∂xm∂zp
(
n
n+ j−r
)
×
× (r − j)! g
2r+1−n− j
(2r + 1 − n − j)! , r + 1 ≤ n ≤ 2r + 1.
Example 3 (r = 2). In order to save space, we show below only the first 40 coeffi-
cients:
H2(x0, y0, z0) = a1,
H(z)2 (x0, y0, z0) = a2,
H(z,z)2 (x0, y0, z0) = a32,
H(x)2 (x0, y0, z0) = a4,
H(x,z)2 (x0, y0, z0) = a5,
H(x,x)2 (x0, y0, z0) = a62,
H(y)2 (x0, y0, z0) = a7,
H(y,z)2 (x0, y0, z0) = a8,
H(x,y)2 (x0, y0, z0) = a9,
H(y,y)2 (x0, y0, z0) = a102,
H2(x0, y0, z1) = a1 + a2l + a3l2 + a11l3,
H(z)2 (x0, y0, z1) = a2 + a32l + a113l2 + a12l3,
H(z,z)2 (x0, y0, z1) = a32 + a116l + a126l2 + a132l3,
H(x)2 (x0, y0, z1) = a4 + a5l + a14l2,
H(x,z)2 (x0, y0, z1) = a5 + a142l + a15l2,
H(x,x)2 (x0, y0, z1) = a62 + a162l,
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H(y)2 (x0, y0, z1) = a7 + a8l + a17l2,
H(y,z)2 (x0, y0, z1) = a8 + a172l + a18l2,
H(x,y)2 (x0, y0, z1) = a9 + a19l,
H(y,y)2 (x0, y0, z1) = a102 + a202l,
H2(x1, y0, z0) = a6h2 + a4h + a1 + a21h3,
H(z)2 (x1, y0, z0) = a16h2 + a5h + a2 + a22h3,
H(z,z)2 (x1, y0, z0) = (a142 − a152l) h + a32 + a232h3,
H(x)2 (x1, y0, z0) = a62h + a4 + a213h2 + a24h3,
H(x,z)2 (x1, y0, z0) = a162h + a5 + a223h2 + a25h3,
H(x,x)2 (x1, y0, z0) = a62 + a216h + a246h2 + a26h3,
H(y)2 (x1, y0, z0) = a9h + a7 + a27h2,
H(y,z)2 (x1, y0, z0) = a19h + a8 + a28h2,
H(x,y)2 (x1, y0, z0) = a9 + a272h + a29h2,
H(y,y)2 (x1, y0, z01) =
(
a10 + a30h
)
2,
H2(x1, y0, z1) = a1 + a2l + a3l2 + a11l3 +
(
a4 + a5l + a14l2
)
h + (a6 + a16l) h2+,
+
(
a21 + a22l + a23l2 + a31l
3
)
h3,
H(z)2 (x1, y0, z1) = a2 + a32l + a113l2 + a12l3 + a16h2 +
(
a5 + a142l + a15l2
)
h+,
+
(
a22 + a232l + a313l2 + a32l
3
)
h3,
H(z,z)2 (x1, y0, z1) = a32 + a116l + a126l2 + a132l3 + (a142 + a154l) h+,
+
(
a232 + a316l + a326l2 + a332l
3
)
h3,
H(x)2 (x1, y0, z1) = a4 + a5l + a14l2 + (a6 + a16l) 2h+,(
a21 + a22l + a23l2 + a31l3
)
3h2 +
(
a24 + a25l + a34l
2
)
h3,
H(x,z)2 (x1, y0, z1) = a5 + a142l + a15l2 + a162h+,
+
(
a22 + a232l + a313l2 + a32l3
)
3h2 +
(
a25 + a342l + a35l
2
)
h3,
H(x,x)2 (x1, y0, z1) = a62 + a162l +
(
a24 + a25l + a34l2
)
6h2+,
+
(
a21 + a22l + a23l2 + a31l3
)
6h +
(
a26 + a36l
)
h3,
H(y)2 (x1, y0, z1) = a7 + a8l + a17l2 + (a9 + a19l) h+,
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+
(
a27 + a28l + a37l
2
)
h2,
H(y,z)2 (x1, y0, z1) = a8 + a172l + a18l2 + a19h+,
+
(
a28 + a372l + a38l
2
)
h2,
H(x,y)2 (x1, y0, z1) = a9 + a19l +
(
a27 + a28l + a37l2
)
2h +
(
a29 + a39l
)
h2,
H(y,y)2 (x1, y0, z1) = a102 + a202l +
(
a30 + a40l
)
2h.
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